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Abstract 

The X-ray extinction conditions are studied for the 
cases when both magnetic interaction and crystalline 
fields cause the anisotropy of X-ray scattering ampli- 
tudes near the absorption edge. It is demonstrated that 
the simultaneous existence of those two anisotropies, 
referred to as the combined anisotropy, can result in 
excitation of additional Bragg reflections otherwise for- 
bidden by extinction rules. To show this, the structure 
amplitudes of reflections are computed and two Laue 
(L) groups are compared: one, L m, which corresponds 
to the anomalous X-ray scattering in the presence of 
magnetic structure and another one, Lq, which takes 
into account the anisotropic atomic environment. Both 
groups can contain additional reflections and differ from 
the Laue group, L ,  associated with the usual potential 
X-ray scattering. TPhe cross of these groups is considered 
and it is shown that several extinctions, typical for the 
Lp group, still remain in L and L Nevertheless, the 

q m "  

new reflections may appear instead of those extinctions 
when the combined anisotropy is taken into account. 
In this case, the diffraction pattern is characterized by 
the L group. Then, the transformation of L into L. 
under the phase transition is studied. It is shqown thai 
the additional reflections, not typical for Lm, c a n  appear 
in the diffraction pattern below the magnetic ordering 
temperature 7"... Two cases are discussed" (i) L above • q 

T M contains the same reflections as L C and (ii) L 
contains the extinctions corresponding to the additional 
reflections in L.. Several examples are considered for 
real magnetic crystals. 

1. Introduction 

Recently, a rich variety of phenomena related to different 
types of crystal anisotropy was revealed and surveyed in 
resonant X-ray absorption (Brouder, 1990) and scatter- 
ing (Belyakov & Dmitrienko, 1989; Blume, 1994; Carra 
& Thole, 1994) near absorption edges of atoms. These 
phenomena occur when the energy of the incident radi- 
ation approaches those values that are required to excite 
an inner-shell electron to an empty state of a valence 
shell. The valence shells are strongly affected by the 
atomic environment and therefore the atomic scattering 
amplitude can depend on the local crystal fields and (or) 

the atomic magnetic moments. One of the phenomena 
is the excitation of forbidden reflections, which are 
absent in the potential (Thomson) X-ray scattering. The 
forbidden magnetic reflections and those that exist even 
in non-magnetic crystals owing to an anisotropic atomic 
environment have been studied both theoretically and 
experimentally (Gibbs, Moncton & D'Amico, 1985; 
Hannon, Trammel, Blume & Gibbs, 1988; Templeton 
& Templeton, 1980; Dmitrienko, 1983). 

The natural language for the description of pos- 
sible reflections is group theory. The homomorphic 
correspondence between 230 space groups and 122 
diffraction (Laue) groups is a fundamental fact for X-ray 
potential scattering. Each Laue group contains a set 
of extinctions, listed in International Tables for X-ray 
Crystallography (1965). The anisotropic character of 
the anomalous diffraction violates the extinction rules 
computed for isotropic scattering. Hence, in the case of 
anomalous scattering, the diffraction group Lanom may 
differ from a group L describing only the potential 
scattering. The differencPe between the Laue groups may 
be classified as a difference in the symmetry of structures 
studied by the anomalous diffraction method compared 
with the space-group symmetry. This statement is clear 
for magnetic structures, for which symmetry is described 
by magnetic groups and the diffraction pattern can be 
characterized by the Laue group L m. But the crystal fields 
and electrical multipole moments should be invariant 
under space-group transformations. Nevertheless, the 
extinction rules of the Lp group can be violated when 
a resonant interaction with an electromagnetic field 
occurs because the crystallographically equivalent atoms 
may become non-equivalent scatterers owing to the 
local crystal anisotropy. In this case, the resonant X-ray 
diffraction pattern is characterized by the Laue group L ,  

. . . .  q 

which differs from L and contains additional reflections p 
excited owing to the local crystalline environment of 
the scattering atom (Templeton & Templeton, 1980; 
Dmitrienko, 1983). The local crystal-field anisotropy 
violates the screw-axis and glide-plane extinction rules, 
whereas the magnetic moments can violate the transla- 
tion symmetry too. 

The extinction rules for these groups, L m and Lq, 
can differ from each other, but some extinctions may 
coincide. The simultaneous existence of two types of 
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anisotropy gives a diffraction pattern that is described 
by the L,. Laue group. In the present paper, we study 
this question in more detail for several crystal structures 
and compare the extinction rules corresponding to L m 
and L . Then, we determine whether L contains some 

q c 

additional reflections in comparison with L and L It 
m q "  

is demonstrated that the simultaneous existence of these 
two anisotropies, referred to as the combined anisotropy, 
can result in excitation of the additional Bragg reflections 
otherwise forbidden by extinction rules. In other words, 
our conclusion is that the symmetry under the mag- 
netic space group (including crystal anisotropy) allows 
reflections that are not permitted under the crystal space 
group or under the symmetry of potential scattering plus 
magnetic scattering. There may also be a difference in 
polarization properties of reflections corresponding to 
L ,  L, and L,  groups (Belyakov & Dmitrienko, 1989); 

q n 1 

however, this is not a subject of the present work. 

2. Different representations of 
X-ray scattering amplitudes 

Because of the complexity of the phenomena, it is im- 
portant to have general considerations that could predict 
new extinction rules. There are several approaches that 
can be used for the proper representation of X-ray 
scattering near the absorption edges taking into ac- 
count the symmetry of investigated structures. An atomic 
scattering amplitude, which is the main parameter for 
the scattering process description, has been studied in 
detail [see surveys by Blume (1994) and Carra & Thole 
(1994)]. The most general form of the resonant coherent 
elastic scattering amplitude for any electric 2L-pole 
transition in a spherically symmetric atom was given 
by Carra & Thole (1994) and Luo, Trammell &Hannon 
(1993). It was represented as a linear combination of 
pairs of tensors with increasing rank IL, which trans- 
form according to the irreducible representations of the 
spherical group (SO3): 

2 L  IL 

fEL(o.;)--  2A E E r ; 'd ' ) * (e ; ,k f ,  ei, ki)EL 
# = 0  m =  - -  tL 

× (g,01f2"(co)uLIW0}, (1) 

where the spherical tensors T,~ ') determine the angular 
parts, F~ '~ are the frequency-dependent transition opera- 
tors (spectrum), e; and e, are the polarization vectors of 
the incident and scattered[ radiation with the wave vectors 
k i and kf, EL denotes the electrical multipole transitions, 
which are responsible for the discussed kind of scattering 
(see Hannon, Trammell, Blume & Gibbs, 1988). Any ba- 
sis can be used to take into account the symmetry of the 
system, for example a point-group basis (when the local 
symmetry of the atom environment is considered) or 
SO 2 (cylindrical symmetry group) for the magnetic atom. 
This approach was used (Carra & Thole, 1994) to study 

the transformations of T~ *) corresponding to glide planes 
and screw axes for arbitrary scattering geometry vectors. 
Several extinction rules were formulated in terms of # 
and m. There are also strong symmetry restrictions on 
the tensor form of the structure amplitude (Dmitrienko, 
1983) but we will not consider this subject here. A 
disadvantage of the scattering amplitude technique for 
the symmetry analysis is its dependence on the radiation 
properties (polarizations and wave vectors). 

There is another approach, developed by Blume 
(1994), that allows separation of the dependence on 
polarizations and wave vectors from the 'material' 
part determined only by the properties of matter. 
The scattering amplitude is linked with the atomic 
polarizability tensors X~ .:4 in the following way: 

Fr~(H ) = - (e 2 /mcz) (m~i ] /h~)  

x ~ exp(iH, r , . -  W ) e ; . * " e ] x 7  :~3, (2) 
• , -  . . 

s 

where H is a reciprocal-lattice vector, r is the position 
of the sth atom in a unit cell and W~ is the temperature 
factor. 

For the dipole transition, the equation for ~ has the 
form 

X,~3 (a lR T l c ) ( c l R f l a )  (3) 
z " P "  ~ - w o - i F / Z h '  

c t l  

where la) and Ic) are the ground and excited states of the 
atom, p ,  are the occupation numbers and R '~ = 5 -'c') r"  

s z...a i i " 

For quadrupole and higher transitions, )~ can be 
expressed as a convolution of 2L-rank tensors with the 
wave vectors of incident and scattered radiation. The 
Cartesian form of )~ has been presented (Blume, 1994). 
It is easy to see that the polarizability tensors can be 
subdivided into parts with different internal symmetry: 

X,.  = Xo., .6'*;4 + X-.,. + X+.,-, (4) 

where Xo,. = t r ( x ) / 3  X ~4 = (X ' '3 - X3~) /2 ,  X+ = 
(X "3 + X ~ " 3 ) / 2 _  Xo,'~",3 - 

The expressions for ~ are known for the cases 
of Templeton scattering (Templeton & Templeton, 
1980; Dmitrienko, 1983), for magnetic dipole scattering 
(Hannon, Trammel, Blume & Gibbs, 1988) and for 
the quadrupole transition (Blume, 1994). The case 
of simultaneous existence of magnetic moments and 
crystal-field anisotropy was considered for the dipole 
transitions and ~" was expressed as (Blume, 1994) 

o,3 (n,rn 3 I 6om,ra (n m) 2] X+ = - g }t ~ + bl • 

+cl(m'~m fl - gl m28"3~, 

+ a l [ , , '~m :4 + n;~m '~ _ .~(n. m)8,~:3](n, m), 
(5) 

X~ '~ = is'"'~"'[a2m"' + b2n'~(n • m)]. (6) 
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Here, a I , b I , c 1 , dl, a 2, b 2 contain the resonant denomi- 
nators, m '~ and n ~ denote the projections of the magnetic 
moment and the unit vector along the local crystal- 
field axis corresponding to the sth atom in a unit cell. 
Equations (5) and (6) are correct when the polarizability 
tensors corresponding to the local crystal anisotropy are 
invariant under rotation around the axis, characterized by 
one unit vector n, i.e. in the cases of special symmetry 
of atomic positions. 

We want to point out that the technique used for the 
description of the anomalous resonant X-ray scattering is 
just like that known in M6ssbauer diffraction (Hannon & 
Trammell, 1969). It was shown (Andreeva & Kuz'min, 
1982) that the polarizabiliy tensors describing the scat- 
tering of M6ssbauer radiation by a nuclear subsystem 
can be written as 

S 
u f ® u f @  @uf  [ L -  1]" - (2L) ' [L- -  11 

~ a  " " " " ~ s  

® u i ® u i ® . . .  ® ui, 

g¢2L) = ~ A(M)QL(M) ~ QL(M), 
M 

(7) 

(8) 

Q(L)(M) = { ( 2 L -  1)!!/[(L + 1 ) ( L -  1)!!1}'/2 

X E ( l u L - l m ,  LM). . .  
• ~ , t t , . . . t ~ , p , m l  , m 2 , . . .  

× ( l # e - 2 m 2 l L - l m , ) . . .  (lulpl2m) 
x h A ® ht, ® . . .  ® h v ® hp, (9) 

where ~t2L) are the multipole polarizability tensors cor- 
responding to the material parts (excluding the wave 
vectors) of ~, the A(M)'s contain the resonant de- 
nominators . . . .  : [ L -  1] . . .  : [ L -  1] denote [ L -  
1]-fold convolution of the gt2L) tensor with the unit 
vectors u i and uf parallel to the wave vectors k i and 
ke; h .  1 = q:(ih~ + ih,.)/2~/2; h o = - i h . ;  h x ,, . are the 
uhit vectors connectecl with the magnetic fi~l~l and/or 
the electrical field gradient and ® denotes the direct 
product of vectors. For the dipole transition in the case 
of cylindrical symmetry, ~ contains three parts with 
different resonant denominators, c~ i, corresponding to the 
transitions with different M = % - me: 

dd * * Xre~, "~ c~lhl ® hi + %h0 ® h0 + o~_ lh_t ® h*_l " (10) 

It is easy to show that this form of ;~, being expressed 
in the Cartesian form, coincides with (5) and (6). 

A knowledge of ~ is needed to find a set of possible 
reflections and a corresponding set of tensor structure 
amplitudes. For this purpose, ~(H) must be calculated: 

2(H)  = ~-~ 2(r,.) exp(iH • r,). (11) 
S 

~(H) = 0 is the extinction condition for any polarization 
of incident radiation. 

The above general formulas allow us to describe 
the sets of possible reflections in the anomalous X-ray 
scattering near absorption edges for different kinds of 
local fields in crystals. We will use them together with 
group theory to study the diffraction patterns, taking into 
account both the magnetic moments and the crystal local 
anisotropic environments of atoms. 

3. The combined effects caused by the magnet ic  
moments  and local crystal anisotropy 

Let us compare the extinction rules in anomalous X-ray 
scattering for a crystal above and below the temperature 
T M of magnetic ordering. We consider the electric dipole 
transition and suppose the local symmetry of a probe 
atom to be lower than T23. Therefore, the Templeton 
reflections can be observed above T M, except for several 
special cases when extinctions still remain (Dmitrienko, 
1983). Below T M, the magnetic ordering may lead to 
the occurrence of magnetic reflections. We consider only 
the structures where the magnetic cell coincides with the 
crystal cell. In this case, the sets of magnetic reflections 
and reflections due to a local crystal anisotropy are 
integral and fill only reciprocal-lattice centres. First, we 
compare those parts of these reflection sets that are 
forbidden for the usual X-ray potential scattering, i.e. 
the extinctions corresponding to Lane groups L ,  L and 

Then we discuss the question whether the combined L p "  q m 

magnetic and anisotropic local crystal symmetry gives 
any effects that cannot exist when these systems are 
considered separately. 

3.1. The combined reflections that are present in Lq 
and absent in L m 

In recent years, many theoretical papers have ap- 
peared concemed with X-ray resonant arbsorption and 
scattering in magnetic crystals with local anisotropy. 
They have discussed the possibility of obtaining site- 
specific information on the magnetic anisotropy, sum 
rules and other questions (see Luo, Trammell &Hannon,  
1993; Carra & Thole, 1994; Carra, Thole, Altarelli 
& Wang, 1993; Rennert, 1993; Hill & McMorrow, 
1996; Lippmann, Kirfel & Fischer, 1996, and references 
therein). We would like to discuss only the extinction 
rules that follow from symmetry considerations. 

For the analysis of crystal symmetry effects, let us 
compare the 'spectra' (which contain the resonant de- 
nominators) and then the angular parts of polarizabilities, 
corresponding to the different crystallographically equiv- 
alent resonant atoms with r, coordinates in a unit cell. 

Simplification of a 'spectrum' structure, correspond- 
ing to a single atom, was considered by Luo, Trammell 
& H a n n o n  (1993). It was shown that F~m m [see (1)] 
operators are simplified when either a linewidth F or 
a deviation Aov = E~ - E o - ha; is large compared with 
the splitting A of the excited-state configuration. Then 
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it is possible to characterize the transition by an average 
value, E/', describing the single-atom excited state. In 
this approximation, operators FO')(s) can be expressed m 
a s  

F,(') ' s) • L; 12;s)[(2L 1 , ~o:, = R ( l , j + ,  + 1)/(211, + )],/2 
I L )  • . . × M~t m (l , j+,L;lz,  s ), (12) 

where only the R's contain an energy resonant de- 
nominator, depending on E I. This case was called 'the 
fast collision approximation'. In (12), we have added 
the s indices, which characterize the atoms inside one 
crystallographical position. The forms of M~ operators 
for the E1 transition are given by (16) and (17) from 
the work of Luo, Trammell &Hannon  (1993), where 
the exchange splitting between spin-up and spin-down 
valence states is taken into account. It is essential that 
even in this approximation the scattering amplitude 
depends on the mutual orientations of the magnetic 
moments and the local crystal-field directions. 

The fast collision approximation is rather good for 
resonant scattering near the L 2 and L 3 edges in the 
rare earths and near the M 4 and M 5 edges in actinides. 
However, for the M 4 and M 5 transitions in the rare earths, 
A > F and the multiplet structure can be resolved. 
Experimental results have shown that the fast collision 
approximation is not good for the iron L2. 3 edges in 
hematite, where F ~ 1.5 eV and atoms ha,)e the octa- 
hedral environment with lODq ~ 1.45 eV (Finkelstein, 
Shen & Shastry, 1992; Kuiper, Searle, Rudolf, Tjeng & 
Chen, 1993). 

F(,) ,  - The forbidden reflection may occur if ,,, t s l ) #  
( I t )  F~n (s 2) inside one equivalent position. There are two 

possible reasons for this inequality: (i) R ( s l ) #  R(s2) 
I L) ~ r ( l~ ) [ c  and/or (ii) M~,,, ( s l ) #  ,,, ~2," The condition (i) may 

be realized even in the fast collision approximation if 
the different mutual orientations of the atomic magnetic 
moment m, and local crystal-field axes n, produce the 
different splittings A of the excited-state configurations 
of these atoms. Then the excited states of the atoms 
inside one crystallographic position can be character- 
ized by E~ and E~ in the fast collision approximation. 
If a difference ]E~'-E~2I is comparable with the line 
halfwidth F/2,  the possibility of additional reflection 
owing to the difference in the 'spectra' may be discussed. 
The condition (ii) may be fulfilled for various crystal 

ti ) structures. We try to find those cases when M<m ~ (sl) = 
MCm')(s2) for purely magnetic structure (or purely local 

l ~ l  ~ ) ~ x crystal anisotropy) but m (.'is # M~'>(s2) if both kinds 
of anisotropy are taken into account. Let us call the last 
case the combined anisotropy. Naturally, the effects cor- 
responding to the combined anisotropy will vanish when 
the local crystal anisotropy is negligible compared with 
the magnetic one or vice versa. So the good condition 
for the considered reflections is that the splitting due 
to the spin--orbital interaction would be of the same 
order as that due to the crystal-field anisotropy. This 

case corresponds to an intermediate crystal field (see 
Ballhausen, 1962). The following examples will explain 
the idea. 

3.1.1. The forbidden reflections in YIG caused by 
different mutual orientations of  magnetic moments and 
local crystal axes. Let us consider a crystal with a 
symmetry described by the space group ,~0 0 h = la3d. It 
is a typical group for rare-earth garnets, for instance, the 
yttrium iron garnet (YIG). Fe atoms occupy the positions 
16(a) and 24(d) with point symmetries 3 and 2[. Near the 
absorption edge of iron, the atomic polarizabilities are 
described (for dipole transitions) by the second-rank 
tensors invariant under the local position groups. It 
follows from the crystal symmetry that the main axes of 
those tensors coincide with threefold axes for the 16(a) 
positions and with fourfold axes for the 24(d) positions. 

All the 24 atoms of (d) positions can be subdivided 
into three groups with the orientations of the local 
crystal-field axes along the [100], [010] and [001] di- 
rections correspondingly. They are connected to each 
other by the threefold axes. The directions of the local 
field axes coincide with the main axes of electric field 
gradients, which were determined with the help of 
M6ssbauer spectroscopy (Winkler, Eisberg, Alp, R0ffer, 
Gerdau, Lauer, Trautwein, Grodzicki & Vera 1983). 

In ferrimagnetic YIG below the Curie temperature 
T o the magnetic moments inside the 24(d) position 
are coupled ferromagnetically and they are collinear to 
the external magnetic field when it is applied to the 
crystal. This type of magnetic ordering cannot cause any 
new reflections in X-ray resonant anomalous scattering. 
Hence, the magnetic Laue group, Lm, coincides with 
Lp, i.e. keeps all the extinctions intrinsic to potential 
scattering. 

Consideration of the polarizability tensors shows that 
there are reflections, absent in a usual potential scat- 
tering, that correspond to a resonant scattering only by 
atoms in position (a) or (d). The (d) sites yield new 
reflections with h = 4n + 2, k = l = 4n', whereas, 
for the (a) sites, h = 2n + 1, k = 2n' + 1, l = 0 and 
h = k = 2 n +  1, l = 4n'. 

Let us consider the h00 (h -- 4n + 2) reflections, 
generated by 24(d) positions. The polarizability tensor 
for it is equal to 

~ ( h 0 0 )  = 8 ( ~  2 - ~ 1 ) '  ( 1 3 )  

where ~ and )~2 correspond to the atoms that lie on the 
2[ axes parallel to [010] or [001]. The atoms with the 
[100] direction of the local field axis do not participate 
in scattering into this reflection. 

For our discussion, it is essential that all the magnetic 
moments would be aligned, hence the crystal has to 
be a single domain. For this purpose, a weak external 
magnetic field (,,~0.01 T) may be applied to provide 
the full alignment. Suppose that the external magnetic 
field is directed along the [010] axis, which is the easy 
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magnetization axis, then all the magnetic moments are 
parallel to the b axis of a crystal. In this case, the 
atoms of the 24(d) position split into two subgroups 
(see Fig. l a). For the first one, the angle 0~ between 
the magnetic field and the main axis of the local crystal 
field is equal to zero ([010] subgroup). For the second 
subgroup, 0 e = 90 ° ([001] subgroup). Let us write the 
projections of the local field axes nl, 2 (they coincide 
with the fourfold axes) and the magnetic moments m 
onto the crystal axes and their scalar products for two 
atoms. They are equal to: 

(a) n l = ( 0 ,  n, 0); ml : ( 0 ,  m, 0); ( n . - m l ) = n m ;  

(b) n 2 = (0,0, n); m 2 = (0, m, 0); (n e .m2)  : 0 .  

The calculation of the polarizability tensor above the 
Curie temperature shows that it can differ from zero, 
hence the extinction of the h00 (h = 4n + 2) reflection 
is absent in the  Lq Lane group. The invariance of the 
polarizability tensors, caused by the local crystal-field 
anisotropy under the inversion of coordinates, is shown 
in Fig. 1 by the double-ended arrows. 

The polarizability below T o computed from (5) and 
(6), shows that there are two reasons that can lead to 
the extra reflections. As discussed above, the first one 
gives ~(H) # 0 if the energy denominators for atoms 
(l/) and (2) are not equal to each other, i.e. _(1) _(2) 

. b(2) c(l) -- (2) all)  d~i 2) Ui 76 ~'/i ' bi ~= i ' i ~z C i , ai 76 (here the upper indices 
correspond to the atomic numbers). If the difference 
between the energies El[010 ] -El [001 ] is comparable 
with the linewidth F, these extra reflections can be 
pronounced. Their frequency dependence is determined 
by the interference between the spectrum lines, cor- 
responding to the atoms with the local axes oriented 
along [010] and [001]. A similar effect was predicted 
for M6ssbauer diffraction (Grigoryan & Belyakov, 1971; 
Winlder, Eisberg, Alp, Riiffer, Gerdau, Liner, Trautwien, 

Grodzicki & Vera 1983; Ovchinnikova & Kuz'min, 
1988) and was observed experimentally (Labushkin, 
Ovchinnikova, Smimov, Sarkisov & Uspensky, 1995). 
In the case of X-ray resonant diffraction near the L edges 
of iron, when the resonant lines are not resolved, we 
suppose this effect to be small. 

Condition (ii) can be more essential for the ap- 
pearence of the forbidden reflections. It is connected with 
the difference of the angular parts of the polarizability 
tensors, corresponding to atoms (1) and (2). This follows 
from the difference of the projections nl, n 2 and the 
scalar products (nl • ml) 76 (n  2 m2),  which were 
written above. Therefore, X1 # X2 and the reflection 
h00 (h - 4n + 2) may exist in the diffraction pattern. 

3.1.2. The combined reflections in YIG with magne- 
tization along [100]. Let a weak external magnetic 
field be applied to the considered YIG crystal along 
[100], providing full alignment of the atomic magnetic 
moments along a, so that m11,2 = (m, 0, 0). The mutual 
orientation of the magnetic moments and the local crystal 
axes are shown in Fig. l(b). The energy denominators 
for all the resonant atoms are the same, as far as the 
scalar products (n I • m) - (n 2 • m) = 0. However, the 
angular parts of [010] and [001] atom polarizabilities 
are different because of the different orientations of the 
local crystal fields. An application of the Cartesian form 
of polarizability [(5) and (6)] gives the following value 
of the polarizability tensor: 00) 

2+(h00)  = 8a I - 1  0 . (14) 
0 1 

It shows a possibility of reflections caused by the crystal- 
field anisotropy below the Curie temperature. The dis- 
cussed reflections are forbidden in an ordinary X-ray 
diffraction pattern and in the case when only magnetic 
structure is taken into account. 

n[loo] 

m 

2 [o011 
v /m 

1 
b 

w 

n[olo] ,m 

t 
a 
m t 

n[loo] 

001] 

I I i l  t 
1 b 

T n[olo] 

(a) (b) 

Fig. 1. The directions of the local crystal-field axes ni (double-ended arrows) and the magnetic moments mj (arrows) of the Fe atoms in 24(d) 
positions of the YIG crystal. 
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Thus, it is shown that the Laue group L contains in 
the magnetically ordered phase the h00 (h = 4n + 2) 
reflections, which belong to  Lq but are forbidden for L m 

and Lp. 
it is worth considering one more interesting case when 

the resonantly scattered atoms occupy two or more crys- 
tallographically nonequivalent positions. Then, the form 
of the resonant spectra is determined by interference of 
radiation scattered by atoms in different positions. Those 
atoms can possess both different 'spectrum' and angular 
parts. Extremely complex polarization effects occur in 
this case. 

3.2. The combined reflections absent in both  Lq and L m 

In the previous subsections, we have discussed situa- 
tions when the Templeton reflections are allowed above 
the magnetic ordering temperature. Now let us consider 
an example when both magnetic and crystal symmetries, 
applied separately, forbid some group of reflections, 
whereas the combined action of magnetic and crystalline 
fields can allow extra reflections. In other words, both L q 
and L m contain several extinctions, which are absent in 

~6 L<.. In our example, the crystal is described by the D2h = 
Pnma space group and the resonant atoms belong to 
the special position 4(c) with the following coordinates: 
(1)x ,  1/4, z; ( 2 ) - x ,  3/4, - z ;  (3) 1 / 2 - x ,  3 / 4 , 1 / 2 + z ;  
(4) 1/2 + x, 1/4, 1/2 - z (Fig. 2). 

The polarizability tensor for the 0k0 (k = 2n + 1) 
reflection is 

2 ( 0 k 0 )  = 2 1 -  2 2 -  23 -'t- 24" (15 )  

This reflection is evidently forbidden for the potential 
X-ray scattering when X1 = X2 = X3 = X4. 

Atoms (1) and (2) are connected by inversion at the 
centre, (1) and (4) by the glide plane perpendicular to the 
c axis with translation along the a axis. All the atoms lie 
in the mirror planes perpendicular to the b axis. Hence, 

a 

i 

J 

~ f  4 

Fig. 2. The directions of the local crystal-field axes ni (double-ended 
arrrows) and of the magnetic moments mi (arrows) corresponding 
to the Gx structure on the atoms in the 4(c) position of the Pnma 
space group. All atoms lie on two mirror planes perpendicular to 
the b axis. The y coordinates for atoms 1 and 4 are equal to b/4, 
for 2 and 3, they are equal to 3b/4. 

the main axes of the local crystal fields can be directed 
either perpendicularly to a mirror plane or lie in the 
(010) plane. As a result of the symmetry constrains, the 
2 tensors that describe a resonant scattering of X-rays 
in a paramagnetic region have the forms 

21 z 2 2 - -  

~3 -- ~4 z 

X -~y 0 , 
\ X  x: 0 X:: 

X ''-~' 0 . 
\ - X x: 0 X "= 

(16) 

2(0k0) (k = 2n + 1): 

0 2( \ <~ - \ > < ) 
/,(0/d?) = a2 2(\"" - \x,.) 0 

2( \ ~  \x : )  0 

(4 0, 4+ 
= a2 - "2 0 0 

\ - 4 \ - 2  0 0 

2( \x: _ \:~) ,~ 
0 ) 0 

(17) 

After the substitution of (16) into (14), one can see 
that the 0k0 (k -- 2n + 1) reflection remains forbidden in 
anomalous X-ray scattering if only the local crystal-field 
anisotropy is taken into account (for instance, above a 
Nrel temperature). 

Let us now consider possible magnetic structures 
of crystals with Pnma symmetry. This space group 
is typical for rare-earth orthoferrites. Possible antifer- 
romagnetic structures are classified as F (+  + + +),  
G(+ - + - ) ,  C(+ + - - )  and A(+ - - + )  (Bertaut, 
1963; Turov, 1963). Plus and minus denote that the 
magnetic moments are coupled ferromagnetically or 
antiferromagnetically to each other. The G structure is 
the most interesting for us because it gives the extinction 
of the 0k0 (k - 2n + 1) reflection below the Nrel 
temperature. The noncollinear structure F G:~, ((~,/7) = 
x, y, z, also satisfies the extinction condition. For A and 
C structures and their mixing, the corresponding 2(H) 
tensor should not be equal to zero and the magnetic 
reflection is not forbidden. 

The question is whether the 0/t0 (k = 2n+ 1) reflection 
can appear in the X-ray resonant diffraction pattern if 
both the G-type magnetic moment ordering and the 
crystal-field anisotropy exist simultaneously. Let us con- 
sider the pure G x magnetic structure. From the general 
properties of the polarizability tensor in the presence 
of a magnetic field, X<~;~(a~, k, B) = X/~"(a~, -k, -B) 
(Landau & Lifschitz, 1952), we can write for the dipole 

• • c ~  '3 21o, 
transition (when the k dependence is absent) X1 ' = X2 

~ l ' /  i ~o<  . . . .  " ' 
X 3  --" X 4  • Taking into account the lnvarlance of the 
polarizability in the absence of the magnetic field under 
the inversion of the coordinate sign, we can approximate 
the local axes transformation from atom 1 to atom 3 by 
the rotation around the a crystal axis by an angle equal 
to 7r. Then we can find the following expression for 
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Table 1. The orthorhombic space groups where the combined reflections are possible 

S y m m e t r y  group W y c k o f f  posit ions Combined  reflections Magnet ic  type 

Pnnn 4(g), 4(h) Okl, k + I = 2n + 1 A 

4(i), 4( j)  hOl, h + 1 = 2n + 1 A 
4(k), 4(1) hk0, h + k --  2n + 1 A 

Pccm 4(i) Okl, l = 2n + 1 G 

4(j) ,  4(k), 4(1) hOl, l --  2n + 1 G 

Pban 4(g), 4(h) Okl, k = 2n + 1 G 

4(e), 4(j)  hOl, h = 2n = 1 G 
4(k), 4(l) hk0, h + k = 2n + 1 G 

P m m a  4(k) h00, h = 2n + 1 A 

Pnna 4(c) hk0, tl = 2n + 1 

4(d) Okl, k + l = 2n + 1 

Pmna  4(g) 

Pcca 4(c) 

4(d), 4(e) 

Pccn 4(c), 4(d) 

Pbcm 4(c) 

4(d) 

Pmmn 4(c) 
4(d) 

Pbcn 4(g) 

Pnma 4(c) 

G for k = 2n 
A for k = 2n + l 
A for / "- 2n 
G for l - -  2n + 1 

hOl, h + l = 2 n +  1 

h0L l = 2n + 1 

hkO, h = 2n + i 

A for h = 2n 
G f o r h =  2 n +  1 

G for h --  2n 
A for h = 2n + l 
A 

hkO, h + k = 2n + l A 

Okl, k = 2n + I A 

G 
OOl, l =  2 n +  1 A 

for / = 2n 
f o r / =  2 n +  1 

hOO, h = 2n + 1 A 
0k0, k = 2n + I A 

h0L 1 = 2n + 1 A for h = 2n 
G for h = 2n + 1 

0k0, k =  2 n +  1 G 

which is generally different from zero. Notice that this 
expression is valid even for the biaxial local symmetry of 
the atomic positions 4(c), which is just the considered 
case. 

An inspection of magnetic structures, which were 
experimentally investigated by neutron diffraction, has 
shown that G-type structures are typical for metamag- 
netics RMeO 3 (R = rare earths, Me = metal atoms). For 
example, the pure magnetic structure of G x type (we 
use Pnma instead of Pbnm) was observed for Gd atoms 
in GdA10 3 at 3.95 K (Kappatsch, Quezel-Ambrunaz & 
Sivardi~re, 1970). It satisfies all the necessary sym- 
metry conditions for the observation of the additional 
0k0 (k = 2n + 1) reflections. In the rare earths, the 
splitting of an excited state A is more than a linewidth 
/-' for M 4 and M 5 edges; it is a good condition for 
the discussed phenomenon. Slightly worse is that the 
spin-orbital splitting is much greater than the crystal- 
field effects; however, this condition can be changed by a 
temperature variation. Indeed, owing to the temperature 
dependence of magnetic moments, the splittings can be 
made comparable slightly below the Nrel temperature. 

Pnma is not the only group suitable for the com- 
bined reflections appearance. All necessary symmetry 
conditions are fulfilled for several hexagonal perovskites 

RMnO 3. They are described by the space group P63cm 
and their magnetic structures were considered for exam- 
ple by Andreev & Marchenko (1980). The polarizabilty 
construction shows that the 00l (l = 6n + 3) reflections 
are similar to those considered above for Pnma. This 
hexagonal structure provides a more general example 
because the 001 (l = 6n + 3) extinctions above the N6el 
temperature occur due to the screw axis 63 unlike the 
0k0 (k -- 2n + 1) extinctions in Pnma, which correspond 
only to the 4(c) special position. 

In Table 1, we list the special positions of space 
groups that belong to the rhombic dipyramidal symmetry 
type and allow the existence of the combined reflections. 
Only primitive groups are considered because the trans- 
lations do not change the orientations of the local crystal 
fields but magnetic structures need additional discussion. 
The atomic enumeration inside the position corresponds 
to that in International Tables for X-ray Crystallography 
(1965). 

The following approach was used in Table 1 for the 
enumeration of groups and atomic positions. Inversion 
is the only symmetry operation that does not change 
the components of the ~ tensor in the absence of 
magnetic moments. Thus, the inversion centre must exist 
in the group. Taking into account the equality of the 



E. N. OVCHINNIKOVA AND V. E. DMITRIENKO 395 

polarization tensors corresponding to atoms linked by 
inversion, we can calculate )~(H) and find the extinction 
conditions in the presence of local crystal anisotropy and 
the kind of magnetic structure that gives the extinction 
too. Using this principle, one can construct similar tables 
for other space groups. 

4. Conclusions 

The investigations of many authors have shown that 
anomalous X-ray scattering near the absorption edges 
leads to the appearance of extra reflections in diffraction 
patterns owing to the anisotropy, caused (i) by magnetic 
moments and/or (ii) by the local atomic environments. 
We have characterized these two cases of anisotropy by 
the Laue groups L,,, and Lq, which can differ from Lp, 
typical for the usual potential X-ray scattering. In the 
present paper, we have compared these Laue groups and 
found the situations when the same extinctions can be 
present in both of them. The existence of these two 
anisotropies together can violate the extinction rules 
associated with L and L m. As a result, the combined ,/ 
group, L ,  corresponding to the simultaneous existence 
of two anisotropic fields, may contain the extra reflec- 
tions that are absent in L and L,n. It means that the 
magnetic ordering after a p~aase transition can lead to the 
appearance of the additional reflections in the diffraction 
pattern near absorption edges. We have also considered 
the case when extra reflections with the indices, typical 
for the L group and forbidden for L m, occur below the 

• q • 

magnetic ordering temperature. The examples of crystal 
structures suitable for the discussed effects were studied 
from the symmetry point of view. 

Discussions with C. Brouder and C. Malgrange are 
acknowledged. One of the authors (VED) is grateful to 
the Russian Fund for Fundamental Research and to the 
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